
Chapter 4

Lenses

A good reading for the beginning may be this Wikipedia article, down to the
section Lensmaker’s Equation (but not including).

Beginning from the Lensmaker’s Equation section the article focuses on
the theory of real lenses, which is beyond the scope of the present Course.
We want to limit our attention to ideal lenses, which are theoretical ide-
alizations. There are no ideal things in the world, we know it – but lens
manufacturers have been working for centuries to make the properties of real
lenses as close to ideal lenses as possible – and you must know that their
work has been very successful. How do you know? Well, a lens is a crucial
component of any photographic camera. And look at the quality of pic-
tures taken by modern cameras: I’m not talking about the super-expensive
professional cameras, but of mass-manufactured cameras that are now in al-
most every cellphone: the quality of the pictures you can take with such
non-professional equipment is amazing! So, their lenses must be really good!

From the Wiki article you have learned that there are two basic types of
optical lenses, converging and diverging. The converging lenses have most
often two convex spherical surfaces, less often one convex and one flat face
– and even less often, one convex and one concave surface (but the convex
has to be “more convex” than the other side is concave). Diverging lenses
have two concave faces, or one concave and one flat – and very often, one
convex face and one more concave than the other side is convex (why very
often? Well, because such lenses are used for correcting nearsightedness, a
pretty common inconvenience (for instance, this is the reason why Dr. Tom
wears glasses all the time).

However, we will be interested only in whether the lens is converging or
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diverging. We will be using simplified symbols of ideal lenses:

Figure 4.1: Simplified symbols of: a converging lens (upper graph), and a diverging lens
(lower graph). The “≡” mathematical symbol means “is equivalent to” (essentially, the
“=” symbol applies only to numbers).

We will be talking primarily about converging lenses, because such lenses
are used in the optical devices we are going to talk about (photo cameras,
magnifying glasses, microscopes and telescopes – and such lenses are also
“used” in our eyes.

An ideal lens has a symmetry axis passing through its center – we will
call it the z axis, and we will mark the lens center with a C symbol. One
principal property of an ideal converging lens is that a beam of rays parallel
to the z axis after passing through the lens is focused in a single point, called
the focal point, and marked as F .
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Figure 4.2: A beam of rays parallel to the lens’ symmetry axis is focused in a single
point, called a focal point. The focal point symbol is F (absent in this figure).

Actually, each lens has two such points, on both sides of the lens – some-
times we use the symbols FL and FR for the left and the right focal point,
respectively. The distance between the lens center and a focal point is called
the focal length, with f being the symbol. The distance between C and each
focal point is the same:

CFR = CFL = f

Figure 4.3: Rays emerging from a point source placed at the focal point form a beam of
rays parallel to the lens’ symmetry axis.
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From the Reversibility Principle it follows that if a point source of diver-
gent light rays is placed in a focal point, then the rays, after passing through
the lens, form a beam of rays parallel to the symmetry axis.

4.1 The Formation of Images of Point Sources

by Converging Lenses

.
Based on the properties of ideal converging lenses listed above, we can

already find out how images are formed by such lenses.

Figure 4.4: A graphic construction of an image (I) of a point source of light (usually, we
call in the “object” O).

Let’s put a point source of light, an “object” O, on the right side of the
lens – right from the focal point FR, at a distance do from the lens measured
along the z axis, and at some distance above this axis.

In order to find where the image of this point is formed, it is enough to
consider just two rays. We take one ray parallel to the z axis. Such a ray
after passing through the lens must pass through the left focal point FL –
and proceed farther.

4



The other ray we consider passes first through the right focal point FR. A
ray emerging from a focal point, after passing through the lens, must travel
further in a direction parallel to the z axis – right? So, at some point it will
intersect with the other ray – and this is where the image I of the object O
is formed!

The distance of I from the lens, measured along the z axis, is marked on
the plot as di. And it turns up that the simple construction from the Fig. 4.4
already allows us to derive the relation between do, di, and the focal length
f . This is an important relation, known as the Lens Equation.

4.2 Deriving the Lens Equation

Figure 4.5: It’s essentially the same as in the Fig. 4.4, with a few symbols added, and
colors showing two pairs ofsimilar triangles in the construction.
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The added symbols are: ho – the distance of the “object” from the symmetry
axis z (traditionally, h is used because it’s often called the “height” of the
object); hi on the same token is the “height” of the image. And in order
to facilitate the calculations, the distances of the object from the right focal
point, do − f , and of the image from the left focal point, do − f , are clearly
marked on the graph.

Also, colors are used to mark pairs of triangles. Note that the two trian-
gles marked with light-blue are similar. So are the two triangles at the left
side marked with light-yellow color. So, based on the similarity, we can write
for the two light-blue ones:

ho

hi

=
do − f

f
(4.1)

And from the two light-yellow similar triangles we get:

ho

hi

=
f

di − f
(4.2)

Which means that:
do − f

f
=

f

di − f
(4.3)

Everybody should remember from high school that if A/B = C/D, then
A ·D = B · C. Therefore:

(do − f) · (di − f) = f 2 (4.4)

By carrying out the multiplications, we get:

di · do − f · di − f · do + f 2 = f 2

Which reduces to:
di · do = f · di + f · do

Now, we can divide each term in the above by di · do · f :

di · do
di · do · f

=
f · di

di · do · f
+

f · do
di · do · f

Which reduces to:
1

f
=

1

do
+

1

di
(4.5)
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This is the famous Lens Equation. Why famous? Well, because it
has many important applications in calculations related to any optical system
that include one or more lenses (we will later show that the same equation
can be used for diverging lenses).

Note that both ho and hi are absent in the Eq. 4.5. It means that the
lens equation is valid for any “height” of the object.

The graphic construction on the Figs. 4.4 and 4.5 is known as the “ray
tracing”. If the object is a point, the graph looks silly, because it looks as if
the object were “suspended in the air”. Therefore, we plot the object rather
in the form of a vertical arrow, But, essentially, only the “tip” of the arrow
is the object – the arrow’s role is mainly to show “where the point object
is”. The same applies to the image, after finding where it is – i.e., where the
rays intersect – we plot an arrow with the tip at this point.

Figure 4.6: Raytracing: the meaning of the arrows.

4.2.1 Lateral Magnification

Lateral magnification is simply the ratio of the “height” of the image hi to
that of the object ho. To derive a practical formula, let’s begin from the Eq.
4.2 taken “upside down”:

hi

ho

=
di − f

f
(4.6)

7



We want to eliminate f , and have a formula that contains only do and di.
We can use the Lens Equation and the faction-adding formula 1/a + 1/b =
(a + b)/ab:

1

f
=

1

do
+

1

di
=

di + do
dodi

So:

f =
dodi

di + do

Now we substitute this to the Eq. 4.6, which yields a formula looking pretty
scary monster, but, as it turns out, by using not-so-complicated algebra this
monster can be tamed:

hi

ho

=
di − dodi

di+do
dodi
di+do

=

d2i +dodi−dodi
di+do
dodi
di+do

=
d2i
dodi

The di in the numerator and the denominator cancel out, so we get a pretty
simple formula for the lateral magnification:

ML =
hi

ho

=
di
do

(4.7)

There is one more practical conclusion emerging from the Eq. 4.7. Namely,
let’s plot two extra lines on the Fig. 4.5: one from I to C, and the other
from C to O:

Figure 4.7: Lines drawn from the points I to C, and from C to O, define two triangles,
colored light-yellow and light-blue. From the Eq. 4.7 it follows that these two triangles
are similar.
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The Eq. 4.7. defines the proportion of the side lengths of the two colored
triangles in the Fig. 4.6 – such a proportion means that the two triangles
are similar. Therefore, the vertex angles of their vertices touching the point
C from both sides are equal. Hence, the IC and the CO sectors are parts of
a single line connecting the O and I points. In other words, it shows that a
ray emerging from the object O and passing through the lens center C does
not change its direction and heads directly to reach the point I. Well, that a
ray passes undeflected through the center of an ideal lens is usually listed as
a property of an ideal lens – but we have shown that it’s not an independent
property, it simply results from the previously defined properties of an ideal
lens.

Anyway, it’s just an interesting fact, but there is no need to memorize
the reasoning presented above. An important thing, however, is that the
fact of the “undeflected passage” of rays across the lens center can be taken
advantage of in ray tracing, because we can plot not two, but three rays
leaving the point source O.

4.2.2 Ray Tracing – the Exact Recipe

In the caption of the Fig. 4.8 the rules of ray tracing are listed. The three
rays should all intersect in a single point, as is shown in the figure. When
even when doing ray tracing on graph paper and using a ruler and a well
sharpened pencil, it not always happens. In principle, if threre are three
straight lines, there may be three points of intersection – line 1 with line 2,
line 2 with line 3 and line 1 with line 3. So, if one gets such a “triad” from ray
tracing, it does not necessarily mean that the work has been lousy – if they
are reasonably close, it means that the plotting was “not so bad”. Only if
there are big differences, one should carefully check whether everything has
been done in agreement with the “ray tracing recipe” given in the capion of
the Fig. 4.8.
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Figure 4.8: The standard method of doing ray tracing is to plot three rays from the
object. One is parallel to the symmetry axis of the lens. The lens “redirects” it so that
it passes through the focal point at the other side of the lens, and continues along this
direction. The other ray one plots is simply a single line passing from O across the lens
center C and on at the other side of the lens. Finally, the third ray exits the source and
passes through the near focal point – so that the lens deflects it and at the other side it
travels parallel to the symmetry axis z.

So far, in all the figures the object O and the image I are plotted as small
red dots. They are meant to represent point sources and point images.
Of course, there are no such things as actual point sources – so, what we have
in mind when we say “point source” is a source of a very small size compared
with the distance it is watched from. And when we discuss imaging by lenses,
a “small size” of an object that its size in any direction is definitely smaller
than do, the object’s distance to the le ns .

However, if one looks at available “ray tracing tutorials” – plenty of them
can be found in the Web – one can see that the objects and the images
are most often plotted as small arrows, perpendicular to the lens’ symmetry
axis. As in the Fig. 4.6 (the author took the liberty of “borrowing” this
figure from the Web – all other figures in the present chapter are plotted by
the author). But, in fact, those arrows also represent point sources and point
images: they are the “arrow tips”. And the arrow symbols are used simply
to show where the point sources or the point images are located.
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Imaging Large Objects

But point sources are not the only objects that lenses can produce images
of – it a very well known fact! What is displayed on screens in the lecture
rooms are nothing else than images produced by lens. Images of what? Of a
miniature “see-through” liquid crystal display inside the projector.

OK, so what is the image not of a point, but, say, of a “bar” perpendicular
to the lens’ main axis? It’s also a bar:

Figure 4.9: An image of a “bar” is also a bar, but inverted. It may be enlarged, or it
may be of reduced size, depending of where the object is positioned.

Tt’s easy to undestand: a “bar” may be thought of as a large number
of elementary “point sources”, or “pixels”, distributed along a vertical line.
Each such “pixel” is individually imaged. Some time ago I produced an
animation, in which the “object” was a string of “elementary point sources”
– and then ray tracing was performed individually for each elementary point
source. The animation explains why we do not attempt to make such a
multiple ray tracing – because it produces an incredible mess of lines on the
graph paper! I cannot show animated pictures in a PDF file. But you may
watch those animations by opening this Power Point file and watching it
(usually, after the link is clicked on, the computer asks you whether to open
the Power Point file right away, or to save it; if saved, it may be watched
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later). Remember that the animations run only in the Slide Show mode!
The animations in question are in Slide 5 and Slide 4 (but I recommend
reading the whole thing, of course!).

Enlarged or Reduced?

Have you noticed one thing? Namely, in all ray tracing graphs shown so far
the the object is always located farther away from the lens than its focal
distance f . In fact, it was done with full deliberation! Why? Well, because
only if do > f , the lens produces a real image. Conventionally, we call the
image “real” if it can be projected on a screen, and it is possible only if
a beam of diverging rays emerging from each constituent “elementary light
source” in the object is converted by the lens to a beam of converging rays –
and the screens is located exactly at the distance where they converge, i.e.,
at the di distance from the lens.

It is instructive to examine how the lateral magnification depends on the
object distance do. Let’s take the Eq. 4.7:

ML =
hi

ho

=
di
do

We need to eliminate the image distance di from here. Let’s use the Lens
Equation:

1

f
=

1

do
+

1

di
⇒ 1

di
=

1

f
− 1

do
=

do − f

f · do
⇒ di =

f · do
do − f

By substituting the latter expression for di to the Eq. 4.7 we get:

ML =
f

do − f
(4.8)

From this expression, we can conclude that there are three distinct cases:

f < do < 2f ML > 1 Image enlarged
do = 2f ML = 1 Image Object same size
do > 2f ML < 1 Image reduced

Object Closer to the Lens than the Focal Point

Now, let us consider what happens if the object is closer to has the lens
than the focal point? First, we can examine this by doing ray tracing:
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Figure 4.10: Object closer to the lens than the focal point. We can plot only two rays
because the ray passing through the focal point FR would not pass through the lens. On
the other side of the lens, there is a diverging beam of rays. An observer looking from the
left side sees a virtual image I of the object O where the extensions of the rays reaching
her eye intersect. Note that the virtual image is always upright and is always enlarged –
the lens acts now as a magnifying glass.

Let’s examine the situation in closer detail. How does the Lens Equation
work for do < f? We can use the practical formula that has been derived a
moment ago:

di =
f · do
do − f

Now, di is obviously a negative number! And so is the lateral magnification,
one can clearly see it from the earlier derived formula:

ML =
f

do − f

Suppose that do = 1
2
f : then we get:

ML =
f

1
2
f − f

= −2
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Thus, bypassing a more formal proof, we can formulate two conclusions
concerning the results of calculations obtained by solving the Lens Equation:

– A negative value of di indicates a virtual image ; and

– A negative value of ML indicates an upright-oriented virtual im-
age.

Two or More Lenses with a Common Symmetry Axis

The practical protocol is simple: first, we find the position and the size of
the image produced by the first lens. Next, we treat this image as the object
for the second lens. And so on, if there are more than two lenses.

The best way of learning how to handle such systems is through practical
exercises. One can use both ray tracking and calculations based on the Lens
Equation.

In the form we used for doing a practical in-class exercise on Oct. 18,
there are two lenses. We started doing ray tracing for the first lens – but we
should continue to find what is the “overall” image produced by the two-lens
system.

Images Produced by Diverging Lenses

We have not talked yet about diverging lenses. So, let’s define the properties
of an ideal diverging lens. In the Fig. 4.11 it is shown what happens to a
beam of parallel rays passing through a diverging lens:

Figure 4.11: A virtual focal point of an ideal diverging lens.
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On the other side of the lens the rays form a beam of diverging rays –
their directions are such as if they all emerged from a single point. We call
that point a virtual focal point.

What are the images produced by diverging lenses, one can easily figure
out using ray tracking, as shown in the Fig. 4.12:

Figure 4.12: Finding an image produced by a diverging lens usin the ray tracing method.

The rules of ray tracing do not change very much for diverging lenses.
We plot one ray starting at the object, and passing through the lens center
without any direction change. The other ray we plot parallel to the symmetry
axis. When passing through the lens, this ray is deflected away from the axis
– in a direction whose extension intersect the virtual focus.

It can be readily shown by making several ray tracing plots that the lens
always produces an upright reduced virtual image.

Another method is to use the lens equation. It has the same form as for a
converging lens. So, the solution for di has the same form as for a converging
lens:

di =
do · f
do − f

It may be a good exercise for the Reader to calculate di, taking, for
example, f = −10 cm, and several different values of do – and then, the
value of ML in each case.
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