Department of Physics Comprehensive Examination # 94
Part [

31 March 2003

This Comprehensive Examination for Spring 2003 consists of eight problems each worth 20 points. The
problems are grouped into four sessions:

Session 1 problems 1,2  0-12 AM Mon 31 March
Session 2 problems 3,4 1:30-4:30 PM  Mon 31 March
Session 3 problems 5,6 9-12 AM Tues 1 April

Session 4 problems 7,8  1:30-4:30 PM  Tues 1 April

Work carefully, indicate your reasoning, and display your work clearly. Even if you do not complete a
problem, it is possible to obtain partial credit, especially if you demonstrate conceptual understanding. Do
all work in the bluebooks, work each problem in its own numbered bluebook, and be certain that your chosen
student letter, but not your name, is on the inside of the back cover of every bluebook. Be sure to remember
your student letter for use in the remaining sessions of the examination. If something is omitted from the
staternent of the problem or you feel there is an ambiguity, please ask your question quietly and privately, so
as not to disturb the others. Only your bluebooks and the examination should be on the table before you.
Any other items should be stored on the floor. Please return all bluebooks and formula sheets at the end of
the exam.

Scratch paper will be supplied for the exam. Scratch work will not be graded.



1.

Consider a long, linear chain of N hydrogen atoms in their 1s ground states which we
denote by | j) for the i atom in the chain. The atoms are separated by a uniform

distance a.
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a

For periodic boundary conditions (atom # 1 is considered to be equivalent to atom # N),

the states of the system are labeled by a wave vector k and can be expressed in the
form

N
|k) = N*W;e"‘“f}j)

where x; is the position of the i" atom, and the atomic states |j) are assumed to form an
orthonormal basis set (not quite true, but not a bad approximation).

(a)  Apply the time-independent Schrodinger equation to obtain a general expression
for the electron energy E£(k) in terms of the matrix elements of the Hamiltonian
Hi.

(b}  Consider the “nearest-neighbor” approximation in which the matrix elements of
the Hamiltonian are given by Hy = - tif | = j + 1, Hy = ¢, and Hy = 0 otherwise.
Show that E(k) = ¢ — 2t cos (ka) in this approximation.

{c)  Show that in the limit k << 1/a, E(k) reduces to a form resembling the kinetic
energy of a free particle for which the de Broglie wavelength = 27/k. Relate the
“effective mass” of these quasi-free particles to the parameters a and f of the
model used in this problem.
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A material can exist in gas, liquid, and solid phases and in mixtures of these.

The figure shows isotherms in the pressure-volume plane.

i) draw the boundaries between the phases.

i1} which region of the PV diagram corresponds to
-gas -liquid ~solid
-gas/liquid mix -liquid/solid mix -gas-solid mix

1i1) where, on this diagram, are all three phases in equilibrium? label as 4

iv) where is the critical point ? label as C

v) for each isotherm, estimate the heat of vaporization and/or the heat of melting.




SOLUTION

P

phase transitions: volume changes via mixed phase at constant P, T’

energy to change phase = P A)  at constant T

isotherm heat of melting heat of vaporization
1 0 0
2 05% (4.5-1.2)=1.6 same transition
3 1 x(2-1.3)=0.7 1 x(3.7-2)=1.7
4 19x(2-13)=14 1.6 x(3.3-23)=1.6
5 28x(2-1.3)=2 2x(3.2-24)=16
6 45x% (1.9-14)=2.2 same transition
7 can't read from graph same transition
8 can't read from graph same transition



Mechanics — Graduate

A particle with mass m moves in one dimension in the potential

b S

V(%) mg(ef )

Plot some phase space trajectories for various values of the energy.

Find the frequency for small amplitude oscillations.

Find the action-angle variables appropriate to the small amplitude oscillations.
Use canonical perturbation theory to find the first order correction to the

frequency.
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Consider two identical conducting wire frames as shown in the figure below. They are both
released from rest at the initial moment. Show that for very short distances traveled, the frame
. BScP . .
falling in the field-free region falls an amount Ay = 60 PG further than its twin falling in
i

the B-field region, The direction of the B-field is perpendicular to the plane of the figure.
Here ¢ is the time since release of the frames, B, is the constant magnetic field, £ is the width

of each frame, m is the mass of each frame, and R is the electrical resistance of each frame.
Frame Frame
— L e - L e

B - field region
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A quantum particle of mass m moves in a 3-dimensional harmonic oscillator
potential with classical frequency ® = NI/m. 1t is in thermal equilibrium with a

heat bath of temperature 7.
a. Find the partition function Z

b. Find the average energy U. Compute its limiting value for kgT >> Tiw . Does
the zero-point energy contribute in this limit?

c. Find the heat capacity Cv .

A plumb bob is hung from the tower of Pisa. What angle does it make with the vertical?
In what direction does it deviate from the vertical? By “vertical” we mean a line drawn
through the center of the earth. You will need to know the latitude of Pisa, which is

about 45°, and the radius of the earth R=6.4x 10%m .



SOLUTION

a. States specified by integers ny, ny, nz, Energy of each state

E(nx, ny, nz) = (nx + ny +hyt+ 3/2) Tow.

partition function Z= Y exp(—E/kgT) =
states

2 2 Y exp—nc+ny+ny+3/2)havkT

nx=0 ny=0n,~0
me“?’ﬁ(ofa/ 2 ie“"—hwﬁ where B = 1/kgT
n=0 |
e—hmB/z
Z: [P,
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—Hof
Twe
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Consider a poor electrical conductor to comprise an infinite half-space given by 7z > 0.
Electromagnetic radiation in the form of a plane wave characterized by
E = iEgexp {~i(wx —kz) } is incident on this half-space at z=0.

(a) Show there is a phase shift between the electric field (E‘ } and the magnetic field( B yin

the medium that can be approximated by ¢ =~ cos™| 1 -~ pyoclk where, ois the
£w

electrical conductivity of the medium, and where gand u are its permittivity and
permeability, respectively.

(b) Show that the distance from the surface ( £) at which the power per unit area (in the X-y
plane) associated with these fields has fallen to one-half its surface value, can be given by

g - 2 e

o Yu

Consider a two-state quantum mechanical system that can be described in terms of an
orthonormal basis |+) and |-). In terms of this basis, the Hamiltonian of the system has

matrix elements: H.. = B¢y, Hs. = H... = 2gg, and H_ = 3go.

(@)  Find the energy eigenvalues and corresponding normalized eigenvectors
expressed in terms of the basis |+) and I-).

(b)  Show that your eigenvectors are orthogonal.

(c) Suppose that the system is initially in the state ]+} Find an expression for the
state of the system at some later time t in terms of the basis |+) and |-).

(d)  Calculate the probabilities p.(t) and p.(f) that the system will stilf be in the states
|+) and |-), respectively at time ¢. Verify that p.(t) + p.() = 1.
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