ENERGY EIGENFUNCTIONS &
EIGENVALUES OF THE FINITE WELL
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Reading:!
QM course packeth 6!

A Quantum Well Structure



Now solve the energgigenvaluesquation for different
potentials and for examples where there are many solutions
with different energies.!
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Focus brst on the cake< V, (Obound statesO)

In regions 1 & 3k Is imaginary In region 2K is real
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!4(x)=D'e"™* +De Realk means oscillatory
behavior!

Imaginaryk means (classically allowed region)!

exponential growth or It would not be physically reasonable t
exponentia| decay!! allow an inPnite probability of bnding

: : : particle in a classically forbidden region.!
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4 equations, 5 unknownd,(B, C, D, E). TheE is buried ink; andk,
Normalization gives bfth condition) !

H e" ikoa eik2a " eikla O &#A &
% iko,a " ik,a Ik;a
% gl g’ ik 0 gk (/%( B

% e rikge® "ike® 0 (%'3£

§| k koa n i k2 e" ik,a 0 | kle kia (ﬁ)

This set of equations has a solution when the determinant of the 4x4
matrix is zero. Tedious! See Liboff for details. When the
determinant condition is set up, we get a conditiok o his
condition can be satisbed in 2 sets of ways. One sé&h&s
(even solutions) and the other set AasB (odd solutions).!



Here i1s one condition for the determinant to be zero: !
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Here is the other condition for the determinant to be zero: !
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This set corresponds to the green
curves on the previous graphs - the
value ofV, that yields 3 solutions (2
even and 1 odd).!

Note the size of the decay length for
the state corresponding to each
energy. Wave function OleaksO into
forbidden region. We call this an
evanescent wave.
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E=" "
2m(2a)

' (X)=0 n=1,2,3,4,5E for x<-a and x>a!

nmx i
@, (X) = COS— O / \

2a
n =1,3,5 (symmetric or even solution§)

S =

=
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nZn 2! 2

E =

) 2m(2a)2

! n(X) =0 n =1,2.3,4,5E for x<0 and x>2a!

n=1,2,3,4,5E and 0 < x < 2a!
(neither symmetric nor

antisymmetric solutions - about
x=0)!
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Important features of bPnite square well:!

I INon-trivial solutions to energgigenvaluesguation!

| lTapplication of boundary conditions!

I IQuantized energy!

l ISymmetric (even) anantisymmetriqodd) solutions!

I IAlways one solution regardless of width or depth of well!
I Wave function Pnite in classically forbidden region !

I IRecover inPnite well solutions!

I llots of manipulation to get it exactly right, but in the end

we have sine- and cosine-like oscillations in the allowed
region, decaying exponentially in the forbidden region. The
decay length is longer the closer the particleOs energy to the
top of the well.!
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ENERGY EIGENFUNCTIONS &
EIGENVALUES OF THE FINITE WELL
REVIEW

Hamiltonian - set up with piecewise potentiall

Solve energgigenvalueaquation!

Matching boundary conditions - continuity ‘6dnd "'
Graphical solutions will sufbce for now!

Discrete energies for bound states!

Limiting case is well-known inPnite square well problem!

Mathematical representations of the above!



