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1. Centrifuge The key concept here is to recognize
that when working with a rotating system such
as a centrifuge, there is classically a centrifugal
potential energy. This energy serves as the ex-
ternal chemical potential, and allows us to solve
for the properties of the gas by setting the total
chemical potential equal everywhere, and solving
for the internal chemical potential, which we can
relate to the concentration.

Figure 1: Centrifugal Force by Randall Munroe, at
xkcd.

First we need the centrifugal potential. You

may remember this from Central Forces, but you
can also solve for it if you remember how to derive
the centripetal acceleration. This comes from the
second derivative of the displacement of an object
moving in a circle.

~r(t) = R cos(ωt)x̂+R sin(ωt)ŷ (1)
d2~r

dt2
= −ω2~r (2)

= 1
m
~F (3)

So the centrifugal force ismω2~r (which is outward,
opposite the centripetal force). The centrifugal
work is the integral of the centrifugal force, which
gives us a centrifugal potential energy that
is V = − 1

2mω
2r2. The potential is negative

because the force is outwards.

Now that we have a potential energy, we can find
the internal chemical potential from the total:

µtot = µint −
1
2mω

2r2µint = µtot + 1
2mω

2r2

(4)

Finally, we need to use the expression for the
chemical potential of an ideal gas.

µint = kBT ln
(
n

nQ

)
(5)

or alternatively

n = nQe
βµint (6)

Now we can just plug in our µint(r) to find n(r):

n(r) = nQe
β(µtot+ 1

2mω
2r2) (7)

We were asked to find the ratio between n(r) and
n(0) in order to avoid having to solve for µtot or
to specify something banal like the total number
of molecules.

n(r)
n(0) = nQe

β(µtot+ 1
2mω

2r2)

nQeβµtot
(8)

= eβ
1
2mω

2r2
(9)
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As you would expect, the density is higher at
larger radii, since the centrifugal force compresses
atoms near the edge.

2. Potential energy of gas in gravitational
field We can begin by writing down (from class
notes) the expression for the (internal) chemical
potential of an ideal gas.

n = nQe
βµint (10)

In this case the external potential is linear

µext = Mgh (11)

The internal chemical potential is the total minus
the external, telling us that

n(h) = nQe
β(µtot−Mgh) (12)

= n(0)e−βMgh (13)

We can find the average potential energy by find-
ing the total potential energy and dividing by the
number of atoms.

〈V 〉 =
∫
Mghn(h)dh∫
n(h)dh

(14)

= Mg

∫∞
0 he−βMghdh∫∞
0 e−βMghdh

(15)

= Mg

βMg

∫∞
0 ξe−ξdξ∫∞
0 e−ξdξ

(16)

= kT
1!
0! (17)

= kT (18)

So that is interesting, our potential energy per
atom is just kT , as if we had two degrees of free-
dom according to equipartition (which we don’t).
In this case, the equipartition theorem doesn’t
apply, because the potential is not quadratic.

My favorite integral I’ll just mention that I
used here (twice!) my very favorite definite
integral: ∫ ∞

0
une−udu = n! (19)

You can prove this using integration by parts
a few times, if need be. But it’s really handy
to remember this. It comes up very often
when working on the hydrogen atom, for
instance. And yes, I learned this from an
integral table.

To find the heat capacity we can start by writing
down the internal energy by adding the kinetic
and potential energies:

U = 3
2NkT +NkT (20)

= 5
2NkT (21)

Then we can find the heat capacity by taking
a temperature derivative, noting that the vol-
ume is essentially held constant (perhaps infinite,
since the column of gas extends upward with no
bound?).

CV =
(
∂U

∂T

)
V,N

(22)

= 5
2Nk (23)

and thus the heat capacify per molecule is just

cV = 5
2k (24)

3. Gibbs sum for a two level system Okay, we
have three microstates, which I’ll call 0, 1, and 2

N0 = 0 (25)
N1 = N2 = 1 (26)
E0 = E1 = 0 (27)
E2 = ε (28)

Now we remind ourselves that the activity λ is
defined by

λ ≡ eβµ (29)
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a) The Gibbs sum is just

Z =
∑
i

e−β(Ei−µNi) (30)

=
∑
i

eβ(µNi−Ei) (31)

=
∑
i

λNie−βEi (32)

= 1 + λ+ λe−βε (33)

b) The average occupancy of the system is
given by

〈N〉 =
∑
i

PiNi (34)

=
∑
i

Ni
λNie−βEi

Z
(35)

= λ+ λe−βε

1 + λ+ λe−βε
(36)

c) This is just the probability of the state being
at energy ε, which is

Pi = e−β(Ei−µNi)

Z
(37)

Pε = λe−βε

Z
(38)

The average number in this state is equal
to the probability.

d) The thermal average energy is even easier,
since the energies are zero and ε, the average
is just probability of energy ε times ε.

〈E〉 = λe−βε

Z
ε (39)

e) Now we’re adding one more microstate to
the system, which is a microstate with E = ε
and N = 2. Our Gibbs sum will just have
this one additional term in it.

Z =
∑
i

λNie−βEi (40)

= 1 + λ+ λe−βε + λ2e−βε (41)
= (1 + λ)(1 + λe−βε) (42)

The separation now comes about because
we can now separate the first orbital from
the second, and the energy and number are
both the sum of value for the first orbital
plus the value for the second orbital.

4. Carbon monoxide poisoning The main idea
here is that because the oxygen and carbon
monoxide are in equilibrium with air, we can
determine the activities (or equivalent chemical
potential) of the molecules from the air.

a) We are looking for probabilities of occu-
pancy, so as usual let’s start with a Gibbs
sum. Right now we only have oxygen, so

Z = 1 + λO2e
−βεA (43)

PO2 = λO2e
−βεA

1 + λO2e
−βεA

(44)

= 1
1 + eβεA/λO2

(45)

We are working to solve for εA here. . .

1
PO2

= 1 + eβεA/λO2 (46)

eβεA = λO2

(
1
PO2

− 1
)

(47)

εA = kT ln
(
λO2

(
1
PO2

− 1
))

(48)

= 26.7meV ln
(

10−5
(

1
0.9 − 1

))
(49)

= 26.7meV×−13.7 (50)
= −366meV (51)

where I used kB = 8.617 × 10−2meV K−1

and body temperature is T = 310.15K to
find kT in meV. This binding energy is quite
high, more than a third of an eV! Covalent
bonds tend to be a few eV in strength, but
they don’t reverse without significant effort,
whereas it’s really important for oxygen to
spontaneously unbind from hemoglobin.

b) When we add in carbon monoxide, our
hemoglobin will have three possible states,

3



so it will look a heck of a lot like our last
homework problem.

Z = 1 + λO2e
−βεA + λCOe

−βεB (52)

We are now asking how strongly carbon
monxide has to bind in order to allow only
10% of the hemoglobin to be occupied by
oxygen. So we are again going to be looking
at the probability of oxygen occupying the
hemoglobin

PO2 = λO2e
−βεA

1 + λO2e
−βεA + λCOe−βεB

(53)

We are looking to isolate εB now, since we
are told everything else.

1 + λO2e
−βεA + λCOe

−βεB = λO2

PO2

e−βεA

(54)
And moving everything to one side gives

λCOe
−βεB = λO2

(
1
PO2

− 1
)
e−βεA − 1

(55)

e−βεB = λO2

λCO

(
1
PO2

− 1
)
e−βεA − 1

λCO
(56)

and at long last

εB = −kT ln
(
λO2

λCO

(
1
PO2

− 1
)
e−βεA − 1

λCO

)
(57)

= −26.7meV ln
(
102 × 9e13.7 − 107)

(58)
= −26.7meV ln 7.9× 108 (59)
= −26.7meV× 20.5 (60)
= −547meV (61)

So the carbon monoxide doesn’t need to be
much favored over oxygen energetically (in
terms of ratio) in order to crowd out almost
all the oxygen, even though there is way less
carbon monoxide available. Of course, it is
not ratios of energies that matter here, so
much as energy differences, ant that is about
7kT , which is hardly a small difference.
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