
Homework for week 3 (PDF)
For each problem, please let me know how long the
problem took, and what resources you used to solve it!

1. Free energy of a two state system (K&K
3.1, modified)

a) Find an expression for the free energy as a
function of T of a system with two states,
one at energy 0 and one at energy ε.

b) From the free energy, find expressions for
the internal energy U and entropy S of the
system.

c) Plot the entropy versus T . Explain its
asymptotic behavior as the temperature be-
comes high.

d) Plot the S(T ) versus U(T ). Explain the
maximum value of the energy U .

2. Magnetic susceptibility Consider a paramag-
net, which is a material with n spins per unit
volume each of which may each be either “up” or
“down”. The spins have energy ±mB where m
is the magnetic dipole moment of a single spin,
and there is no interaction between spins. The
magnetization M is defined as the total magnetic
moment divided by the total volume. Hint: each
individual spin may be treated as a two-state sys-
tem, which you have already worked with above.

Figure 1: Plot of magnetization vs. B field

a) Find the Helmholtz free energy of a param-
agnetic system (assume N total spins) and
show that F

NkT is a function of only the ratio
x ≡ mB

kT .

b) Use the canonical ensemble (i.e. partition
function and probabilities) to find an exact
expression for the total magentization M
(which is the total dipole moment per unit
volume) and the susceptibility

χ ≡
(
∂M

∂B

)
T

(1)

as a function of temperature and magnetic
field for the model system of magnetic mo-
ments in a magnetic field. The result for
the magnetization is

M = nm tanh
(
mB

kT

)
(2)

where n is the number of spins per unit
volume. The figure shows what this magne-
tization looks like.

c) Show that the susceptibility is χ = nm2

kT in
the limit mB � kT .

3. Free energy of a harmonic oscillator A one-
dimensional harmonic oscillator has an infinite
series of equally spaced energy states, with εn =
n~ω, where n is an integer ≥ 0, and ω is the
classical frequency of the oscillator. We have
chosen the zero of energy at the state n = 0 which
we can get away with here, but is not actually the
zero of energy! To find the true energy we would
have to add a 1

2~ω for each oscillator.

a) Show that for a harmonic oscillator the free
energy is

F = kBT log
(

1− e− ~ω
kB T

)
(3)

Note that at high temperatures such that
kBT � ~ω we may expand the argument of
the logarithm to obtain F ≈ kBT log

( ~ω
kT

)
.
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b) From the free energy above, show that the
entropy is

S

kB
=

~ω
kT

e
~ω
kT − 1

− log
(

1− e− ~ω
kT

)
(4)

This entropy is shown in the nearby figure,
as well as the heat capacity.

Figure 2: Entropy of a simple harmonic oscillator

Figure 3: Heat capacity of a simple harmonic oscillator

4. Energy fluctuations (K&K 3.4, modified) Con-
sider a system of fixed volume in thermal contact

with a resevoir. Show that the mean square fluc-
tuations in the energy of the system is〈

(ε− 〈ε〉)2
〉

= kBT
2
(
∂U

∂T

)
V

(5)

Here U is the conventional symbol for 〈ε〉. Hint:
Use the partition function Z to relate

(
∂U
∂T

)
V

to
the mean square fluctuation. Also, multiply out
the term (· · · )2.

5. Quantum concentration (K&K 3.8) Consider
one particle confined to a cube of side L; the con-
centration in effect is n = L−3. Find the kinetic
energy of the particle when in the ground state.
There will be a value of the concentration for
which this zero-point quantum kinetic energy is
equal to the temperature kT . (At this concentra-
tion the occupancy of the lowest orbital is of the
order of unity; the lowest orbital always has a
higher occupancy than any other orbital.) Show
that the concentration n0 thus defined is equal to
the quantum concentration nQ defined by (63):

nQ ≡
(
MkT

2π~2

) 3
2

(6)

within a factor of the order of unity.

6. One-dimensional gas (K&K 3.11) Consider an
ideal gas of N particles, each of mass M , con-
fined to a one-dimensional line of length L. The
particles have spin zero (so you can ignore spin)
and do not interact with one another. Find the
entropy at temperature T . You may assume that
the temperature is high enough that kBT is much
greater than the ground state energy of one par-
ticle.
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