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PH 422: Day 15

Please read Sections 2.6-3.14 from the mathematics notes.

37 Electrostatic Energy

How much work is done in assembling a collection of n point charges? Work
is force times distance, which in this context takes the form
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Moving the first charge requires no work — since there is no electric field.
The second charge needs to be moved in the (Coulomb) field of the first, the
third in the field of the first two, and so on. Continuing in this manner, we
see that the work done in assembling the charges is
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The advantage of the second expression, in which each term is double-
counted, is that it can be rewritten in the form

W= avE)

where V(7;) is the potential at the location #; of the ith charge due to all the
other charges. This expression in turn generalizes naturally to a continuous
charge distribution (but see the discussion in Griffiths about some subtleties
in this limit), for which it becomes

W = 1 / pV dt
2
We now have an expression for the energy contained in a charge distrib-
ution, expressed in terms of the charge density p and the potential V. But
each of these quantities can be expressed in terms of the electric field, since
E=—VV and V- E = p/ey from Gauss’ Law. We can therefore rewrite the
energy in terms of the electric field alone. Starting from

pV = (V- E)V
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we are reminded of the product rule for the divergence (see Section 3.13),
namely

V-(VE) = VV-E+VV-E
which in turn suggests integrating by parts. Doing so yields

W:
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where we have used the Divergence Theorem to obtain the surface integral
in the last line, which evaluates to zero assuming that E obeys reasonable
falloff conditions at infinity.

\)





