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13.1.5 Use Ehrenfest's theorem (Eq. 6.2)

d —i
()= {[am])
Assume a stationary state |nm), so that <Q> =0 . Thus
o)
Use Q=R-P and note that the Hamiltonian is
P2 62

H=—2_°
2m R

Find the commutator

2 2 2 2
I:Q’H:I: R.P’i_e_ — RoP,i _ R.P’e_
2m R 2m R

:ﬁ[R-P,Pz]—e{R- ,%}:ﬁ[R’Pz}P_ezR{P’%}

Now do each commutator:

(7.7 ]=3[Rp8)=3{p[ k. e[ R )R} =3 e, +ns,p ) =20

i1 o .

3

For the second commutator, work in the position representation

1

i = i )
TR ox, x12+x§+x32

=—ih

Put this together to get

S 1 R ih 1 P &
[QH]=Y —2ilPP—&Rih—L=" P~ ih—=il| —~
o 2m t "R m R m R
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The expectation value must be zero, so

Thus we get

14.3.6 The n unit vector points in the direction defined by the polar angle 6 from the z-axis and
the azimuthal angle ¢ from the x-axis. We can imagine generating the i unit vector by starting
with the Z unit vector and rotating it away from the z-axis by the angle 6 and then rotating
around the the the z-axis by the angle ¢ . The first rotation should be around the y-axis in order
to keep the vector in the x-z plane that defines ¢ =0. If we apply this analysis to the spin up
vector along the z-axis |+) = | s, =+h/ 2> , then this rotation will generate the spin up vector along
the 0 unit vector direction |+>n =|sn =+h/ 2> . This description is represented by the operator
equation

[+), =UL[R(92) JU[R(65) ] +)

Let's now do the operation. The rotation matrices are
~ 0 0\, -
U|R(O)|=cos| = |[—isin| — |00
[#(8)]=eos 3 )1 -isn(3)
cos2 0 0 —ising cos? —sing
U[R(@Sf)]zcos(gjl—isin(gjoy: ? il Pol=] 2 g
2 2 0 cos? ising 0 sin¢  cos¢

cos? 0 sin? 0 —ig/2
U[R(Q)i)]:COS(QJI—isin(Q)O' = ’ —~i ’ = ¢ 0
2 2) ° ¢ ¢ o2

0 cosy 0 —sin3x

Operate:
4) = e 0 cos? —sing 1
+) = A _
" 0 % sin? cos¢ 0
e 0 cos§
- i6/2 08
0 € sin¢
| cosge?
sin&e?
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As given in Eq. 14.3.28a.

14.5.3 Expt 1:

Em 2) I o @B— P =| (AP

Probability

2

‘:Dout = |<Wom V/in>

Expt 2:

=G &

Probability
P=P0P = K‘//omz l//oml—>inz> ZKWmns l//outZ:in3> ’
2 2
_ 2 2| L 1 LN O I S
- x<+‘+>‘ |<+‘+>x| - \/E( 11 )( 0 j ( 10 )\/E[ 1 j 22 4

Expt 3:

+)

[Jz—@ &=

=

<J=

Now we have a new situation at the 2™ analyzer. Both output ports are connected to the 3™
analyzer, which means that the probability of an atom from the 1* analyzer being input to the 3"
analyzer is 100%. So we need only calculate the probability of passage through the 3™ analyzer.
The crucial step is determining the input state, for which we use the projection idea (p. 124).
Because both states are used, the relevant projection operator is the sum of the two projection
operators for each port, P, + P, where P, =|+) (+|and P =|-) (~|. Thus the state after
the 2" analyzer is
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_ (P.+P)|w,)
V= Tl r)
(P +P. )|+

JH(PL P

In this simple example, the projector P, + P _ is equal to the identity operator because the two
states form a complete basis. This clearly simplifies the calculation, giving |l//2> = |+) , which
means that the probability of exiting the 3" analyzer is clearly 0. But to make sure our technique
works, let's keep going. The denominator above equals one, giving

o) =(1+), G+ 1), D))
=), (HH) + [, =)

Thus the beam entering the 3™ analyzer can be viewed as a coherent superposition of the
eigenstates of the 2" analyzer. Now calculate the probability of measuring spin down at the 3™
analyzer

7)1—>3 7)]_)27)2_)3 (100%)‘<y/0ut3 lDl/out2:in3> :|< ‘l//uufZ m3>

=100, )+ 19 R =, R )

L ERIE SRR Y R ERIE S EREY Y
Al T -

)

2

2

2 2

As expected.

14.5.4. Experiment:

For this problem we need to know the spin 1 operators (see Mclntyre flyleaf).

o
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1 0 0 5 010 5 0 - O
S,=n 0 0 O S == 1 0 1 S,=—7=| i 0 —i
0 0 -1 V2 010 V2 i 0
The eigenstates of S, are
1 0
H=l o | [0)= 1| [-)=] 0
0 0 1

We also need to know the spin projection operator along the arbitrary direction n defined by the
polar angle 6 from the z-axis and the azimuthal angle ¢ from the x-axis (see 14.3.27 for spin %2

case). This procedure applied to spin 1 gives

cos@ % e 0
S =h Si?; e’ 0 %e"”’
0 % e’  —cosB
Diagonalize this to find the eigenstates:
mn _ 1+czos(9€_i¢|l>+ 5\1;150‘0>+ 1—02089 ¢|-1)
0), :-Sj’; e 1>+cos€\0>+%ei¢ 1)

_ 1—cos@ sin@ 1+cosOe,¢|_1>

1), = =528 ) -T2 o)+

We need just the |1) state for the case ¢=0 :

1+cos@ sin@ 1—cos@
1) = D+ 0)+ -1
1), = 520 810+ L2520y

Thus the probability is

2

=],

l//()ml%inZ >

P= ‘(W{)uﬂ
2

! (1+cos@] . 0
0 = =CO0S —
0

2 2

|| I+cos@ sin® 1-cos6O
B 2 2 2
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5. Experiment schematic:
TITIT )

The measurement at the first analyzer collapses the state to

i

|l//(0)>=|+>n=cos§|+)+e sin|-)

The angles for the first analyzer are 6 =% and ¢ =7, so the initial state is

in/4 1

w(0)=[+), =4%|+)+e™ £|-)

In the field aligned at 45° in the xz-plane, the energy eigenstates are |+) , = cos&|+)+sin%|-)
and |-)  =sin%|+)—cos%|-) with 6'=m/4 and the energy eigenvalues are *hw,/2 with
o, = eB,/m, . The initial state vector written in the energy basis is

W (0))=1+), =(1), W+ 120, D0, = (A0, )14,
+) +(%sin—— e™* cos ) )

— (L o 4 1L /4
—(ﬁcosz+ﬁe

The time evolved state is

sin%’)
— (L o 1 imf4 0\ —iEt/h m/4 —zE,z/h _
lw (1)) =(Fcosg+Fe™ sing)e ™" |+)  + cos% I-)..

L L
N N
(L o 1 im/4 s 0 —iwgt/2 1o 9_’_L in/4 +iogt/2 |
—(ﬁcos2+ﬁe smz)e " |+>n,+(ﬁsm2 e cos & ) -)..

The probability of measuring S, to be +7/2 is
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2
.
, . o\ COS5
(fcos%+fe’”/4 sm%)e it/ 2 in
2 2 2
— — —|_1 .
5D+y_|<"//0m l//in> _‘y<+|l//(t)>‘ - ﬁ( I —i ) o
A . sin&
s g 4 0\ tiwgt/2 2
+(Lsm%—4el”/ cos;)e 0 )
2 2 —cos%
in/4 - @ e @) w2 2
(cos +e sm%)(cos%—lsm%)e o 4
—1
+(sin%’ e™* cos ¥ )(sin%’+z'cos"7')e+"“’°’/2
. 2
|cos® & e 2 4 5in” & "'/ — 25in§ cos & sin G- +
=7
2l€m/4 sm COS sm wot m/4 sm € —iogtf2 m/4 COS +zwoz/2

ENE

oo|—

4>|~

(1+iein/4)e+ia)0t/2_2i(1+ieiﬂ/4)cos g s1nﬂ+2

—2ie™* cos &t (1+iei”/4)sin0'sinw7‘)'
(J—T+ZJ—)(COSwOI+iSianOI)+(ﬁ */—T)(l+cose’)sm“’°'+2
(‘T)2cos“’°’ (*/}‘+zf)sm0’sm“’°t

{(1+x/_)cosﬂ (cosH’—(\/E—l)sinO )Slnﬂ}+2

+i{—cos“’7‘”—((\/§+ l)cos0’+sin9 )smw—”t}

Squaring and simplifying gives

P,

é{(4+2\/_)cos2 2t (4—2x/§)sin2“’7‘”+4\/§c039’cos‘”—°’s1n‘“—°’}

{2 + \/Ecosa)ot ++/2 cos6’sin a)ot}

ENE

%{2+x/§008w0t+sina)0t}

7+ 575 COSMy + sin@yt =3+ %cos((oot —tan™' [1/\/5})
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