PH641, FINAL, June 9, 2009

Note: always indicate what you try to do, even if you are not able to finish
the actual work.

Problem 1: An electron has three possible orbitals, given by a quantum num-
ber m that can be —1,0,+1. The energy of the orbital is €¢,, = —mB.
Give an expression that allows you to find u(T,V, N) for this system. If
the average number of particles in state m = 0 is ng, find p as a function
of ng. Find ny and n_; as a function of B and ng. Write an equation that
allows you to find ng as a function of B and N.

Electrons are Fermions. This problem focusses on orbitals, and hence we
need to use the Fermi-Dirac distribution function:

1
frp(&T,p) = Bl + 1

We have for the average numbers of particles

nm = frp(—mB; T, p)

and
N = an = ZfFD(—mB;T,u)

This equation can be inverted to find pu(N,T,V). There is no explicit
volume, but assume that the volume is hidden in the parameter B.

The expression for ng is

1
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since the orbital has energy zero. This can be inverted to get

no

p=kpTlog(7 )

—ng

Next we consider n41:
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Since we have N = 3" n,, we get
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n
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=N

which can be solved to find no (7, B, N)

Problem 2: Consider a wire of length L. Treat this as a one dimensional sys-
tem. The frequency of the lattice vibrations (phonons) in this wire is
given by w = wg|k|, where v, is the speed of sound in the wire. The
wave vector k is quantized according to k = n¥, with n = 0, £1,£2,---.
Find the one-phonon partition function for this system. Use the formu-
las Z(T,L,N) = +2{(T, L) and log(N!) ~ Nlog(N) — N to find the
Helmholtz free energy for the system. Calculate the stress 7, which is the
equivalent of pressure for this one-dimensional system.

We have

oo
Z(T,L) = Z e BhvslnlE

n—=—oo

Zy(T,L)=2) e PMwni — 1

n=0
Z(T, L) =2— 1
(T L) =205y
1+ e Bhvsf Thug
Z\(T,L) = " = coth(——
(L) = 7wy = G )

The Helmholtz free energy is

1
F(T,L,N) = ~kpTlog(17 21" (T, L))

F(T,L,N) = —NkBTlog(%) — NkgT



The internal stress is given by:
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T =
L sinh(£14%) LkpT

If the length and temperature are very large, the last part goes to one,
and we have

_ NkgT

T L

as expected.

Problem 3: The multiplicity function for the states of a single particle as a
function of energy is given by gi(€¢). Consider a system of two particles
with combined energy E. The multiplicity function for the combined
system is go(FE). Find an expression for go in terms of g;. Generalize this
result for N particles. Construct an argument why we have S(E,N) =
Nkglog gi(£).

If one of the two particles has energy e, the other one has energy E — e.
All energy distributions are possible, and we get

gz(E) = /91(6)91(E — G)dE

If the particles are identical, we need to divide by a factor two.

This can be written in the form:

gg(E) = /gl(el)gl(EQ)(S(E — €1 — 62)d61d62



For N particles we have:

gn(E) = /91(61) - g1(eN)d(E — €1 — - —en)dey - - den

and for identical particles we need to divide by N!.

If we think of the particles as identical systems in equilibrium, the maxi-
mum number of possibilities occurs when all particles have the same en-
ergy. This means

onte) = [ 5]

where we divide by N! for identical particles. Since S = kplog(gn) we
get

E
S~ Nkg log(gl(ﬁ))

with an additional factor —kpg log(N!) for identical particles.



